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Abstract  

Building on the foundational work of Professor Ivan Gutman and collaborators, who 

introduced the concept of graph energy for graphs with self-loops, this study extends the 

notion to graphs containing multiple self-loops. For a simple graph G with n vertices and m 

edges, the modified graph GM is formed by adding r1,r2,…, rn self-loops to vertices 

v1,v2,…,vn, respectively. 

The energy of GM is defined as: E(GM)=∑ |𝜆𝑖(𝐺𝑀) −
𝜎𝑀

𝑛
|𝑛

𝑖=1  

Where 𝜎𝑀=∑ 𝑟𝑖
𝑛
𝑖=1  represents the total number of self-loops, and λ1(GM),λ2(GM) 

,…,λn(GM) are the eigenvalues of the adjacency matrix of GM. This work investigates the 

spectral properties of GM and derives bounds for its energy, E(GM). This study focuses on 

deriving bounds analogous to those of EG, while highlighting notable differences and 

identifying opportunities for discovering sharper bounds. The results contribute to advancing 

the theoretical understanding of spectral graph properties, especially for graphs augmented 

with multiple self-loops. 
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